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Abstract. We study the Calogero-Moser system of type A±. 



0. Rational model 
The Calogero-Moser system of rational model is given by 

(1) 

dqi _ dH rationa i dpi dH rationa i dq 2 _ dH rationa i dp 2 _ dH rationa i 
O ' dt dpi ' dt dq\ dt dp 2 ' dt dq 2 

CI Hrational{qi,Pl,q2,P2,t;g) = " H 7T7 yr 

The system (1) has the following symmetry: 



in 

> 



(2) vr :(qi,Pi,q 2 ,P2,t;g) -> (g 2 ,P2, flO- 

In this paper, we present a polynomial Hamiltonian H po i ynomia i by an explicit 



00 ■ birational and symplectic transformation </?. 
ITS 

Theorem 0.1. By the following birational and symplectic transformation 

O 

o 



(3) (p: (qi,pi,q 2 ,P2) -> - 92), ~(qi - Q2) 2 Pu <?2,P2 + Pi) , 

we can obtain the polynomial Hamiltonian system: 



1l 

(4) 



— =p 2 qt +2q 1 pi, 

dpi o o 2 

_ = -4g 1 p 1 - 2g!P!P2 - 5 9i, 

^2 . 2 

— =P2 + 9iPl, 

with the polynomial Hamiltonian H po i ynom i a i 

(5) H polynomial (q l ,p l ,q 2 ,P2,t;g) = q\pip 2 + q\p\ + + — . 
Theorem 0.2. The system (4) has two first integrals 

(6) I\ := Hp iy nom i a i, ^2 '■ = P2 

satisfying the relation 

(7) Ui,/ 2 } = 0, 

where {, } is the Poisson bracket such that {qi,Pj} = Sij. 
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Theorem 0.3. By eliminating p\ , the Hamiltonian system 



" K erf + 2^, 



(8) 



= -M\p\ - ^iPi - g 2 qi (c G C) , 



dt dpi 
dpi OK 
dt dqi 

I TS 2 ,42, 9 2 Ql\ 

(K = cq x p x + q x p x + — -) 



is equivalent to the equation for y := q± 



(9) 



di* ~ 29 y + y\dt) 
_ 2(f -9V 3 ) (f + 9V 3 ) 

y 



For (8) we easily see that 
(10) 



Pi 



dt C( li 



2qf 



By using (8) and (10), we can obtain (9). 

We also find some Backlund transformations of the system (4). 

Theorem 0.4. The system (4) becomes again a polynomial Hamiltonian system by 
each symplectic transformation: 



n :xi = -qiPi, yi = — , Zi = q 2 , w 1 = p 2 , 

Pi 

r 2 :x 2 = q x q 2 , y 2 = —, z 2 = — , w 2 = -{q 2 p 2 - qiPi)q 2 , 

<?2 <?2 
( x 1 ?2 

r 3 :rr 3 = -{qiPi - q 2 p 2 )Pi, y 3 = — , z 3 = — , w 3 = p 2 p x , 

Pi Pi 

Qi QiPi 
r 4 :x A = — , y 4 = p ± p 2 , z A = q 2 , w A = p 2 , 

P2 P2 

Q2P2 P2 

r$ :x 5 = q u y 5 = pi , z b = q 2 qi, w 5 = — , 

Qi qi 



(11) 



r 6 :x 6 = q u y 6 = p x H , z 6 = q 2 , w 6 = p 2 (c G C), 

qi 

c 

r 7 :x 7 = qi, y 7 = p u z 7 = q 2 H , w 7 = p 2 (c G C), 

P2 

1 2 
r 8 :x 8 = q u y 8 = p u z 8 = — , w 7 = -q 2 p 2 . 

q2 



Corollary 0.1. The system (4) passes the Painleve test. 



studies on the calogero-moser system of type ai 

1. Hyperbolic model 
The Calogero-Moser system of hyperbolic model is given by 
(12) 



dqi 
dt 



dH 



rational 



dpi 



dpi 
dt 



dH, 



rational 



dq 2 
dt 



dH 



rational 



Hrational(qi,Pl,q2,P2,t', 9) = 



dqi dt dp 2 

Pl+Pl 2g(g-l)q 1 q 2 



dp 2 
dt 



dH 



rational 



dq 2 



2 (gi-g 2 ) 2 ' 

The system (12) has the following symmetry: 

(13) s : (qi,Pi,q 2 ,P2,t;g) -> (q 2 ,p 2 , qi,Pi, t; g). 

In this paper, we present a polynomial Hamiltonian H po i ynomia i by an explicit 
birational and symplectic transformation ip. 

Theorem 1.1. By the following birational and symplectic transformation 



(14) if : (q 1 ,p 1 ,q 2 ,p 2 

we can obtain the polynomial Hamiltonian system: 
dqi 2/ 2 



1/(91-92), -(gi-92) Pl,92,P2 +Pl) , 



(15) 



dt 
dpi 
dt 
dq 2 
dt 
dp 2 
dt 



q 1 (2q i p 1 +p 2 ), 
-2(qiPiP2 + 1q\p\ - g(g - l)92(2gig 2 + 1), 
qfpi +P2, 

2g(g-l)q 1 (2q 1 q 2 + l) 



with the polynomial Hamiltonian H po i ynomia i 
(16) 

rr , + \_Pl + 2( lIPiP2 + 2q\p\ - Ag(g - l)qiq 2 (qiq 2 + 1) 

^ipolynomial{qi,Pl,q 2 ,P 2 ,hg) — ~ • 

We remark that the system (15) has (16) as its first integral. 

Proposition 1.1. The system (15) has a 3 -parameter family of polynomial solu- 
tions: 

ait 2 

(17) (<?i, pi, q 2 , p 2 ) = (0,2g(g- + OL 2 t) + a 3 , ait + a 2 , «i). 

Here ai {i = 1,2,3) are constant parameters. 

Theorem 1.2. By eliminating Pi,p 2> the Hamiltonian system (15) is equivalent to 
the equations for y := qi, w := q 2 

2 



(18) 



d 2 y 2 dy 



dt 2 
d 2 w 

y ~d¥ 



+ 2g(g-l)y 3 (2yw+l) 2 , 



y \dt 

2g(g-l)y(yw + l)(2yw + l). 



We also find some Backlund transformations of the system (15). 
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Theorem 1.3. The system (15) becomes again a polynomial Hamiltonian system 
by each symplectic transformation: 

2 1 

n :xi = -qiPi, yi = — , Zi = q 2 , w 1 = p 2 , 

Pi 

r 2 :x 2 = qiq 2 , y 2 = — , z 2 = — , w 2 = -(q 2 p 2 - qiPi)q 2 , 
q2 <?2 

r 3 :x 3 = -(gipi - q 2 p 2 )pu Vs = —, z 3 = — , w 3 = p 2 Pi, 

(19) Pi Pi 

9i QiPi 
r 4 :x A = — , y 4 = Pip 2 , z A = q 2 , w A = p 2 , 

P2 P2 

q2P2 P2 

r$ -x 5 = 9i, 2/5 = Pi , z$ = q 2 qi, w 5 = — , 

9i 1i 

Q 

r 6 :x 6 = gi, y 6 = pi H , z 6 = q 2 , w 6 = p 2 (c G C). 

9i 

Corollary 1.1. The system (15) passes the Painleve test. 

Takasaki discovered a two-parameter family of coupled Painleve II systems in 
dimension four with a rational Hamiltonian i^ ra tionai £ < &(qi,pi,q 2 ,p 2 ,t) 

(20) 

dqi _ Vbb r ational dpi _ Vbb r ational dq 2 _ Vibrational dp 2 _ Vibrational 

(it Vpi (it Vgi (it Vp 2 dt dq 2 

with the Hamiltonian 

g 2 

(21) bbrational = H II (q 1 , p 1 , t] Oil) + H H (q 2) p 2 , t] fix) + 

Here the symbol H n (q,p,t] a) denotes a Hamiltonian of the Painleve II system: 

p 2 / t \ 

(22) H H (q,p,t; «i) = y - f g 2 + -J p - cng (a + «i = 1). 

Proposition 1.2. TTie Hamiltonian system with 

~ ~ ~ g A q^q 2 

(23) bbrational = bb//(gi, Pi, t; a , ai) + H H (q 2 ,p 2 ,t; fa, f3i) + 4 1 2 

(9i - 92) 2 

«5 equivalent to the system (20) &?/ t/ie symplectic transformation 

: (9i, Pi, 92, P2) -> ( — ,-(9iPi + ai)9i,— ,-(92P2 + A)92)- 
9i 92 

Here the symbol H n (q,p,t; a) denotes a Hamiltonian of the Painleve II system: 

(24) # /7 ( g , p , t ; «) = + aq 3 p + -q 2 p +-^- + —q + p. 

Theorem 1.4. The system (20) zs invariant under the following transformations 

Si, s 2 : 

(25) 

si ■ (9i,Pi,92,P2,£;ao,ai, A),A) ->(-gi,-(pi - 2g 2 - t), -g 2 , -(p 2 - 2g 2 -t),t; 

«i,q;o,/3i,/3o), 

S2 : (gi,Pi,92,P2,*;ao,ai, A),/3i) ->(92,P2, 9i,Pi, *; A), A, a o, «i)- 
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Theorem 1.5. By the symplectic transformation s/j 

sii : (?i,Pi,?2,P2) -> (7 r,-(gi -52)((gi ~ q2)pi + a 1 ),q 2 ,p 2 +Pi), 

we can obtain the Hamiltonian system 



(26) 



alt 



dpi 
dt 



9 H polynomial 

dpi 

9 H polynomial 

dqi 

dH polynomial 



dq 2 = 

ill dp 2 

dp2 _ dHpolynomial 

dt dq 2 
with the Hamiltonian 
(27) 

„4„2 



~-2q\p x + 2a iq f + p 2 q\ + 2q x q 2 + 1, 
-- - Aq\p\ - 6a iq 2 lPl - 2{a\ + g4 2 )q 1 

= - Q2 + P2 - I + Qi (Q1P1 +<*i), 
~-2q 2 p 2 - 2q x p\ - ol x + fa 



Hpolynomial = QlPl + ^lQlPl + («1 + 9a)Q\ + Pi 



Pi 



tp2 



- Q2P2 + y + («i - Pi)Q2 - ~y + qi(qiPiP2 + 2p x g 2 + am)- 

We remark that for this system we tried to seek its first integrals of polynomial type 
with respect to qi,Pi,q2,P2- However, we can not find. Of course, the Hamiltonian 



H, 



polynomial 



is not the first integral. 



We also find some Backlund transformations of the system (26). 

Theorem 1.6. The system (26) becomes again a polynomial Hamiltonian system 
by each symplectic transformation: 

n :xi = [qiq 2 + l)q 2 , Vi = z x = — , 

12 12 



(28) 



Wi = - yq 2 p 2 - 2 (qtfz + - j - (o^ - ft) j q 2 , 

ao-ai 2g| + t 4g 2 , 2 

r 2 :x 2 = qi, y 2 = Pi 1 5 h ~3" + ~4> 

9i 9i 9i Qi 



z 2 = g 2 , w 2 = p 2 - Aq 2 - 2t $ ■ 

Qi Qi 
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